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ABSTRACT  

In optical lithography image simulation, sum of coherent systems (SOCS) is used for efficient computation. In SOCS, the 
transmission cross coefficient is decomposed into eigenvalues and eigenfunctions, with only the leading eigenpairs used 
to compute the optical image while the others are ignored. This process, termed TCC truncation, can induce unfavorable 
image artifacts. The artifacts are usually minor but can sometimes cause unwanted results, such as negative image intensity 
and non-periodic image from periodic mask pattern. It is shown that these artifacts can be avoided by using a smaller grid 
size than the Nyquist grid size of the optical image. Since the artifacts originate from TCC truncation, the error caused by 
TCC truncation is mathematically analyzed. 

Keywords: Partially coherent image formation, transmission cross coefficient, lithography image 
 

1. INTRODUCTION 
In optical lithography simulation, we essentially need to repeat millions of image simulations to precisely apply optical 
proximity correction (OPC) on a full-chip domain size. In this scenario, not only accuracy but also run-time has the highest 
priority in image computation. Various strategies are available to improve the run-time, including using GPUs [1], but we 
will focus only on the basic imaging algorithm here. Among many image simulation methods, the most suitable for optical 
lithography is to use the eigenvalues and eigenfunctions of the transmission cross coefficient (TCC) [2,3]. This approach, 
often called sum of coherent systems (SOCS) in lithography simulation [4], has two main benefits which enable fast 
computation. First, the eigenvalue spectrum typically exhibits rapid decay, so that we can approximate the image by using 
only, say, less than 10% of all eigenfunctions, corresponding to the largest eigenvalues. Since this process is equivalent to 
approximating the TCC by truncating minor eigenfunctions, it is called TCC truncation in this paper. Second, the 
eigenvalues and eigenfunctions are reusable, i.e., once calculated, they can be reused to efficiently image any mask pattern. 

According to the optical image formation theory, the image formed in optical lithography is band-limited [5]. The band-
limit of the optical image is twice as big as the extent of the pupil function. Therefore, we can define the largest grid size, 
i.e., the Nyquist grid size [6], for image computation as 𝜆/(4NA), where NA is the numerical aperture of the imaging 
system and 𝜆 is the quasi-monochromatic exposure wavelength. Equivalently, the spatial frequency band is from −2NA/λ 
to 2NA/𝜆, which defines the Nyquist frequency. All information of the optical image is confined within ±2NA/𝜆 in the 
spatial frequency domain. This is the minimum requirement to correctly compute the optical image. 

Here, we define the Nyquist sampling condition in two ways: (1) the spatial grid size is less than or equal to 𝜆/(4NA), or 
(2) the spatial frequency band is from −𝜂 to 𝜂, where 𝜂 ≥ 2NA/𝜆. In this paper, when we mention the Nyquist sampling 
condition, it means either one of these two. As long as the Nyquist sampling condition is satisfied, we can upsample the 
image to a smaller spatial grid whenever required. For example, with 𝜆 = 193nm and NA = 1.35, the image can be 
calculated on a 35nm < λ/(4NA) grid then upsampled to a 2nm grid while preserving all information in the original image. 

However, TCC truncation sometimes induces artifacts in the upsampled optical image even if the original image was 
calculated under the Nyquist sampling condition. In this paper, four artifacts are shown: (1) negative intensity, (2) non-
periodic image from periodic mask, (3) sharper image slope, and (4) loss of symmetry. These artifacts can be surprising 
and may even pose challenges for downstream image processing and analysis. In this paper, first, image formation theory 
is reviewed and computation method by TCC is explained in Sec. 2. Next, two artifacts caused by TCC truncation are 
illustrated in Sec. 3. A solution to avoid them is presented in Sec. 4, along with two more artifacts motivated by their 
analysis. In Sec. 5, the image approximation error by TCC truncation is studied mathematically and its relationship to the 
artifacts is discussed. Lastly, Sec. 6 summarizes the paper. 
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2. IMAGE FORMATION BY TCC 
In this section, the band-limit of the image and 
image computation by TCC are reviewed. Figure 
1 is the imaging system assumed in this paper, 
which is a standard 4-f system (if we include the 
illumination optics, it would be more appropri-
ately described as a 6-f system) [7]. The light 
source 𝑆(𝑓, 𝑔)  is defined at the light source 
plane, which is imaged onto the projection optics 
pupil to form the effective light source. Since the 
projection pupil plane and the light source plane 
are under a conjugate relationship, the effective 
light source is also denoted as 𝑆(𝑓, 𝑔). On the 
object plane, the mask with transmittance 
𝑚(𝑥, 𝑦)  is set. The optical image 𝐼(𝑥, 𝑦)  is 
formed on the wafer plane. The mask plane and wafer plane are under a conjugate relationship. The projection optics pupil 
plane and wafer plane are a Fourier transform pair. Real space is denoted by (𝑥, 𝑦) and spatial frequency is denoted by 
(𝑓, 𝑔).  

Without loss of generality, we assume scalar imaging. Then 𝐼(𝑥, 𝑦) can be written as [8] 

𝐼(𝑥, 𝑦) =<𝑆(𝑓!, 𝑔!)	|𝐅𝐓"#[𝑚B(𝑓 − 𝑓!, 𝑔 − 𝑔!)	𝑃(𝑓, 𝑔)]|$ 𝑑𝑓!𝑑𝑔!, (1) 

where 𝐅𝐓 denotes the Fourier transform and 

𝑃(𝑓, 𝑔) = circ I
𝜆
NA

J𝑓$ + 𝑔$L , (2) 

𝑚B(𝑓, 𝑔) = 𝐅𝐓[𝑚(𝑥, 𝑦)]. (3) 

The circ function is defined as circ(𝑟) = 1 for 𝑟 ≤ 1 and zero otherwise. Therefore, 𝑃(𝑓, 𝑔) = 0 if J𝑓$ + 𝑔$ > NA/𝜆. 
The autocorrelation theorem [9] imposes that 𝐅𝐓[𝐼(𝑥, 𝑦)] = 0 if J𝑓$ + 𝑔$ > 2NA/𝜆. This is the spatial frequency band-
limit of the optical image. When we perform discrete Fourier transform (DFT) in computing the image, the spatial 
frequency extent must be at least as large as this band-limit; otherwise the image will have aliasing effect. Consequently, 
the largest grid size in real space is 𝜆/(4NA), which we refer to as the Nyquist grid size. 

In Eq. (1), we now shift the pupil function 𝑃(𝑓, 𝑔) instead of the mask diffraction 𝑚B(𝑓, 𝑔) and switch the order of 
integration [10]. We obtain 

𝐼(𝑥, 𝑦) = <<𝑇(𝑓!, 𝑔!, 𝑓!!, 𝑔!!)	𝑚B(𝑓!, 𝑔!)	𝑚B ∗(𝑓!!, 𝑔!!)	𝑒&$'()*!"*!!+,-).!".!!+/0 𝑑𝑓!𝑑𝑔! 𝑑𝑓!!𝑑𝑔!!, (4) 

where 𝑇(𝑓!, 𝑔!, 𝑓!!, 𝑔!!) is the transmission cross coefficient (TCC) defined as 

𝑇(𝑓!, 𝑔!, 𝑓!!, 𝑔!!) = <𝑆(𝑓, 𝑔)	𝑃(𝑓! + 𝑓, 𝑔! + 𝑔)	𝑃∗(𝑓!! + 𝑓, 𝑔!! + 𝑔)𝑑𝑓𝑑𝑔. (5) 

The TCC can be decomposed by Mercer expansion [11] as 

𝑇(𝑓!, 𝑔!, 𝑓!!, 𝑔!!) =S𝜆& 	𝜙&(𝑓!, 𝑔!)	𝜙&∗(𝑓!!, 𝑔!!)
&

, (6) 

where 𝜆# ≥ 𝜆$ ≥ ⋯ ≥ 0 are its eigenvalues with corresponding eigenfunctions 𝜙&(𝑓, 𝑔), commonly referred to as TCC 
kernels. Substituting Eq. (6) into Eq. (4), the final imaging equation can be written in SOCS form as 

Light source mask pupil wafer

ConjugateConjugate

FTFTFT

Figure 1. 4-f imaging system assumed in this paper. FT denotes 
the Fourier transform. 
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𝐼(𝑥, 𝑦) =S𝜆& 	|𝐅𝐓"#[𝜙&(𝑓, 𝑔)	𝑚B(𝑓, 𝑔)]|$
&

. (7) 

Observe that the image is guaranteed to be real and non-negative. 

Equations (1) and (7) are implemented in Python and image test results are shown below. First, we assume 𝜆 = 193nm 
and NA = 1.35 with water immersion throughout this paper. The simulation conditions and the simulated image are shown 
in Fig. 2. The illumination is the standard 4/5 annular illumination with outer radius 𝜎123 = 0.8, which will be used 
throughout this paper. The mask is a random contact hole pattern with a critical dimension (CD) of 64nm. We use a binary 
mask with Kirchhoff approximation [12] or so-called thin mask approximation, which will be assumed in this paper. The 

image is calculated by Eq. (1) with a grid size of 35.3nm < 𝜆/(4NA) as shown in Fig. 
2(c). Figure 2(c) can be upsampled, for example, by Fourier transform with zero-
padding. This upsampling scheme is assumed later in Sec. 5. Figure 3(a) is the 
upsampled image of Fig. 2(c) with a grid size of 2nm. The same process is repeated 
with Eq. (7) to obtain Fig. 3(b). Since we used all TCC eigenfunctions to compute 
Fig. 3(b), the difference between Figs. 3(a) and (b) is essentially zero as shown in Fig. 
3(c). Next, let us examine the band-limit of the image. We take the Fourier transform 
of Fig. 3(a) to obtain the spectrum of the image, which is complex. When we plot the 
area where the absolute value of the image spectrum is greater than zero (actually, 
machine precision), we obtain Fig. 4. For visual clarity, a white circle with radius 
2NA/𝜆 is also shown. We see the image spectrum is confined inside the white circle, 
which confirms the theoretical band-limit. 

Figure 2. (a) Illumination. (b) Random contact hole pattern. (c) Image inside the red box with a grid size of 35.3nm. 

Figure 4. Image band-
limit. 

(a) (b) (c) 

Figure 3. (a) Upsampled image by Eq. (1). (b) Upsampled image by Eq. (7). (c) Difference between (a) and (b). 

 

(a) (b) (c) 
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3. ARTIFACTS BY TCC TRUNCATION 
In this section, we explain the TCC truncation process and demonstrate some artifacts caused by its use. Consider again 
the example in Sec. 2. The associated TCC eigenvalues, normalized without loss of generality such that they sum to one, 
are plotted in Fig. 5(a). Since the TCC eigenfunctions are orthonormal, the magnitude of each eigenvalue decides the 
contribution of the corresponding eigenfunction to the full TCC. For example, the first eigenvalue 𝜆# ≈ 0.43 accounts for 
nearly 43% of the TCC (as measured in the spectral norm). The sum of the 1st through 32nd eigenvalues is 0.94. Therefore, 
if we use 32 eigenfunctions (< 1.5% of all 2072 in total), we can capture 94% of the TCC. To confirm this effect, a simple 
simulation is done. We use the mask pattern depicted in Fig. 5(b), which is an isolated line with a CD of 50nm. Images 
computed using all eigenfunction vs. 32 eigenfunctions are shown in Fig. 5(c). The difference is 𝑂(10"4). Thus, TCC 
truncation can provide efficient computation with practical accuracy. 

However, TCC truncation can introduce some unexpected artifacts. Here, we present two examples. In the following, we 
consider the extreme case of only one eigenfunction in order to most clearly demonstrate the phenomena. As before, we 
compute the image on a 35.3nm < 𝜆/(4NA) grid and then upsample to a 2nm grid. The first artifact is negative intensity. 
As shown in Fig. 6(a) for the mask in Fig. 5(b), the image has non-negligible negative value, which violates a fundamental 
assumption and may disturb image processing at a later stage. The second artifact is non-periodic image from periodic 
mask pattern. The mask is set as in Fig. 6(b), which is a square contact hole array with a CD of 64nm and a pitch of 128nm. 
The simulation domain is set to 4096nm in each dimension. Since the mask pattern is periodic, the image should be periodic, 
too. However, the image is not periodic as seen in Fig. 6(c). 

Figure 5. (a) Normalized TCC eigenvalues for the simulation condition in Sec. 2. (b) Isolated line pattern. (c) Images 
calculated by different numbers of TCC eigenfunctions (curves are very nearly coincident). 

 

(a) (b) (c) 

Figure 6. (a) Negative image intensity. (b) Periodic contact hole array. (c) Image inside the red box 
(a) (b) (c) 
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4. CAUSE OF ARTIFACTS 
In this section, we investigate the cause of the image artifacts in Sec. 3 and 
how to avoid them. First, we remark that artifacts do not appear if all 
eigenfunctions are used. Therefore, the artifacts must originate from TCC 
truncation. By Eq. (5), since the TCC may be non-zero for J(𝑓!)$ + (𝑔!)$ >
NA/𝜆  and similarly for (𝑓!!, 𝑔!!)  by symmetry, we deduce that its 
eigenfunctions are, in general, also non-zero in J𝑓$ + 𝑔$ > NA/𝜆 . To 
confirm this, the first eigenfunction is plotted in Fig. 7. The black circle 
indicates J𝑓$ + 𝑔$ = NA/𝜆. The eigenfunction clearly spreads outside this, 
up to J𝑓$ + 𝑔$ = (1 + 𝜎123)NA/𝜆  according to Eq. (5). Autocorrelation 
theory applied to Eq. (7) then indicates that the TCC-truncated image has band-
limit J𝑓$ + 𝑔$ = 2(1 + 𝜎123)NA/𝜆, which is wider than the standard image 
Nyquist band-limit by a factor of 1 + 𝜎123. In calculating the images in Figs. 
6(a) and (c), only the standard Nyquist band-limit was used. As a result, 
aliasing occurred, causing the artifacts observed. For reference, if we had used 
all eigenfunctions, then the image band-limit would reduce to J𝑓$ + 𝑔$ =
2NA/𝜆  because Eq. (7) is algebraically equivalent to Eq. (1) in that setting. In other words, only when we use all 
eigenfunctions does the standard image Nyquist band-limit apply. 

The higher spatial frequency of the TCC-truncated image creates an additional side effect. According to Bernstein’s 
inequality [13], the image slope satisfies 

|∇𝐼(𝑥, 𝑦)| ≤ 𝜋𝐵	max[𝐼(𝑥, 𝑦)], (8) 

where 𝐵  is the band-limit of the image, i.e., 𝐵 = 2NA/𝜆  without 
truncation and 𝐵 = 2(1 + 𝜎123)NA/𝜆  with truncation. Thus, TCC 
truncation can yield an artificially inflated slope. However, the effect can 
be subtle: while more eigenfunctions will typically decrease 𝐵 (see Sec. 
5), it can also increase max[𝐼(𝑥, 𝑦)]. The end result is a balance between 
these two competing terms. In our tests, strong off-axis illumination tends 
to show higher image slope with fewer eigenfunctions. As an example, the 
mask in Fig. 5(b) is used again and the image is computed with either all 
eigenfunctions or just the first one. The image slopes are shown in Fig. 8. 
We see that the image with one eigenfunction has higher slope although 
its maximum intensity is weaker; compare Figs. 5(c) and 6(a). Notably, 
this effect happens even when we use the full band-limit J𝑓$ + 𝑔$ =
2(1 + 𝜎123)NA/𝜆. This is an artifact of TCC truncation but not aliasing, 
unlike those in Sec. 3. 

Another possible non-aliasing arti-
fact is loss of image symmetry. If the 
simulation setup, especially the 
illumination, is symmetric, then the 
TCC will often have repeated 
eigenvalues, corresponding to a 
degenerate subspace that reflects 
some aspect of that symmetry. For 
example, in Fig. 5(a), 𝜆$ = 𝜆5 ≈
0.15. The corresponding eigenfunc-
tions, displayed in Fig. 9, are iden-
tical up to rotation. If we truncate the 
TCC by keeping only some, but not 

Figure 7. The first eigenfunction 
used to compute the images in 
Fig. 6. 

Figure 8. Image slope comparison. 

Figure 9. (a) The second eigenfunction. (b) The third eigenfunction. 
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all, of a repeated eigenvalue set (e.g., 𝜆$ but not 𝜆5), then this symmetry will naturally be broken.  

5. MATHEMATICAL ANALYSIS 
In this section, we analyze the TCC truncation error and how it affects the demonstrated artifacts. Our starting point for 
this will be the matrix formulation [14] of Eq. (7): 

𝐼(𝑥, 𝑦) = 𝐌6(𝑥, 𝑦; 𝑓, 𝑔)	𝐓(𝑓, 𝑔; 𝑓!, 𝑔!)	𝐌(𝑓!, 𝑔!; 𝑥, 𝑦), (9) 

𝐌(𝑓, 𝑔; 𝑥, 𝑦) = 𝑚B(𝑓, 𝑔)	𝛚(𝑓, 𝑔; 𝑥, 𝑦) ∈ ℂ7"7# , (10) 

𝛚(𝑓, 𝑔; 𝑥, 𝑦) = 𝑒"&$')*,/9$-.//9%+ ∈ ℂ7"7# (11) 

𝐓(𝑓, 𝑔; 𝑓!, 𝑔!) = 𝚽(𝑓, 𝑔)	𝚲	𝚽6(𝑓!, 𝑔!) ∈ ℂ7"7#×7"7# , (12) 

𝚽(𝑓, 𝑔) = [⋯ 𝜙&(𝑓, 𝑔) ⋯], (13) 

𝚲 = diag([⋯ 𝜆& ⋯]), (14) 

where boldface symbols represent vectors or matrices; the notation, e.g., 𝐌(𝑓, 𝑔; 𝑥, 𝑦) is sometimes used to clarify that it 
indexes over (𝑓, 𝑔) along the rows and (𝑥, 𝑦) along the columns (the latter, in this case, a singleton dimension); † is the 
Hermitian conjugate; m𝑁* , 𝑁.o is the discretization size in the spatial frequency domain; m𝐿, , 𝐿/o is the simulation domain 
size; and diag(𝑣) is the diagonal matrix whose elements are given by 𝑣. We use the subscript 𝑘 to denote the truncated 
versions of the above, keeping eigenvalues only up to 𝜆;: 

𝐼;(𝑥, 𝑦) = 𝐌6𝐓;𝐌, (15) 

𝐓; = 𝚽	𝚲;𝚽6, (16) 

𝚲; = diag([𝜆# ⋯ 𝜆; 0 ⋯]). (17) 

Let 𝐸 = 𝐼 − 𝐼; be the truncation error. Then 

|𝐸(𝑥, 𝑦)| ≤ ‖𝐓 − 𝐓;‖	‖𝐌‖$ = ‖𝚲 − 𝚲;‖	‖𝑚B‖$ = 𝜆;-#‖𝑚‖$, (18) 

where we have used the unitary of both 𝚽 and the Fourier transform, as well as the fact that the norm of a non-negative 
diagonal matrix is given by its largest entry. Note that this is just Theorem 2.1 in [15]. In fact, since 𝐼;(𝑥, 𝑦) ≥ 0, a slightly 
stronger statement holds: 

|𝐸(𝑥, 𝑦)| ≤ min{𝜆;-#‖𝑚‖$, 𝐼(𝑥, 𝑦)} . (19) 

The truncation error also controls the aliasing error as the exact image 𝐼 is alias-free by definition. However, it is not 
possible, in general, to more precisely bound the amount of aliasing (i.e., as a function of the computation band-limit 𝜂) 
because the frequency content beyond the Nyquist band-limit can be fairly arbitrary. 

Consider the first artifact from Sec. 3: negative intensity. Write the upsampled image as 

𝐼x;(𝑥, 𝑦) = 𝛚6(𝑥, 𝑦; 𝑓, 𝑔)	𝐅m𝑓, 𝑔; 𝑥& , 𝑦<o	𝐼;m𝑥& , 𝑦<o, (20) 

where 𝐅 is the DFT matrix acting on the computational grid ym𝑥& , 𝑦<oz, appropriately normalized such that 

𝛚6m𝑥& , 𝑦<; 𝑓, 𝑔o	𝐅m𝑓, 𝑔; 𝑥&! , 𝑦<!o = 𝛿(𝑖, 𝑖!)	𝛿(𝑗, 𝑗!) (21) 

for 𝛿 the Kronecker delta. Note that 

~𝛚6(𝑥, 𝑦)	𝐅~
=
≤ ~𝛚6(𝑥, 𝑦)	𝐅~ ≤ ‖𝛚(𝑥, 𝑦)‖	‖𝐅‖ = 1 (22) 

for any (𝑥, 𝑦). Analogously define the exact upsampled image 𝐼x and corresponding error 𝐸� = 𝐼x − 𝐼x;. Let 𝐶 ≥ maxy𝐼x, 𝐼x;z 
be a sufficiently large constant. Then 𝐼x1>? ≡ min 𝐼x = 𝐶 − ~𝐼x − 𝐶~

=
 and similarly for 𝐼x;. Therefore, 

min 𝐼x; = 𝐶 − ~𝐼x; − 𝐶~= ≥ 𝐶 − ~𝐼x − 𝐶~
=
− ~𝐸�~

=
≥ 𝐼x1>? − ~𝛚6𝐅~

=
‖𝐸‖= ≥ 𝐼x1>? − ‖𝐸‖=. (23) 
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In other words, the smallest (most negative) value that 𝐼x; can take is the minimum of the exact image, minus an 𝑂(𝜆;-#) 
term. In particular, if 𝐼x1>? ≥ 𝜆;-#‖𝑚‖$, then 𝐼x; is always non-negative. 

Now suppose the mask is periodic with pitch mΔ, , Δ/o as in Fig. 6(b). Let Δ[𝑢(𝑥, 𝑦)] = 𝑢(𝑥, 𝑦) − 𝑢m𝑥 + Δ, , 𝑦 + Δ/o be 
the periodic shift difference operator and define the upsampled image periodicity error as 

�Δ�𝐼x;�� ≤ �Δ�𝐼x�� + �Δ�𝐸��� ≤ �Δ[𝛚]6𝐅𝐸� ≤ ~Δ[𝛚]6𝐅~
=
‖𝐸‖=, (24) 

where Δ�𝐼x� = 0 since 𝐼 has no aliasing. It can be shown that 

‖Δ[𝛚]‖ ≤ 2�𝛚I𝑥 −
Δ,
2 , 𝑦 −

Δ/
2 L��sin �𝜋 �

𝑓Δ,
𝐿,

+
𝑔Δ/
𝐿/

���
=

. (25) 

Hence, 

�Δ�𝐼x;�� ≤ 2�sin �𝜋 �
𝑓Δ,
𝐿,

+
𝑔Δ/
𝐿/

���
=

‖𝐸‖= (26) 

by Eq. (22). Notably, the error vanishes as mΔ, , Δ/o → m𝐿, , 𝐿/o as required by the DFT-induced periodicity. 

Third, for the image slope, 

|∇𝐼(𝑥, 𝑦) − ∇𝐼;(𝑥, 𝑦)| = |∇𝐸(𝑥, 𝑦)| ≤ 𝜋𝐵‖𝐸‖= (27) 

again by Eq. (8), which also applies in this setting; see [13]. 

Finally, regarding loss of symmetry, consider for concreteness the case of rotational symmetry, perhaps the most important 
kind in practice. Let 𝜃 be the rotational period, 𝑅(𝑥, 𝑦) = (𝑥 cos 𝜃 − 𝑦 sin 𝜃 , 𝑥 sin 𝜃 + 𝑦 cos 𝜃) the corresponding planar 
rotation, and Δ@[𝑢] = 𝑢(𝑥, 𝑦) − 𝑢m𝑅(𝑥, 𝑦)o the associated rotational difference operator. Define the upsampled image 
rotational symmetry error as 

�Δ@�𝐼x;�� ≤ �Δ@�𝐼x�� + �Δ@�𝐸��� ≤ �Δ@[𝛚]6𝐅𝐸� ≤ ~Δ@[𝛚]6𝐅~=‖𝐸‖=, (29) 

where Δ@�𝐼x� = 0 by assumption. A very similar (but more complicated) calculation as for Eq. (25) gives 

‖Δ@[𝛚]‖ ≤ 2�𝛚�
𝑥A-

2 ,
𝑦A-

2 ���sin �𝜋 �
𝑓𝑥A"

𝐿,
+
𝑔𝑦A"

𝐿/
���

=
, (30) 

�
𝑥A
±

𝑦A
±� = �

𝑥
𝑦� ± 𝐑 �

𝑥
𝑦� , (31) 

where 𝐑 is the 2 × 2 matrix representation of 𝑅. Thus, 

�Δ@�𝐼x;�� ≤ 2�sin �𝜋 �
𝑓𝑥A"

𝐿,
+
𝑔𝑦A"

𝐿/
���

=

‖𝐸‖=. (32) 

Notice that the error vanishes as 𝜃 → 2𝜋 since then 𝐑 becomes the identity. 

6. SUMMARY 
TCC truncation in the SOCS methodology is a standard practice for image computation in optical lithography, widely used 
for its efficiency and well-understood approximation theory. However, it can cause some unexpected side effects. In this 
paper, we have discussed four of these: negative image intensity, loss of image periodicity, sharper image slope, and loss 
of image symmetry. Some artifacts, such as negative intensity and loss of periodicity, are due to aliasing. These can be 
avoided by calculating the image on a grid size of at most 𝜆/[4(1 + 𝜎123)NA], which is smaller than the standard Nyquist 
grid size 𝜆/(4NA) by a factor of 1 + 𝜎123. Others, such as sharper image slope and loss of symmetry, are due only to 
truncation. The latter can be avoided by ensuring that all eigenvalues of a repeated set are retained, while the former cannot 
be fully removed without using all eigenfunctions. Nevertheless, both types of artifacts can be effectively controlled 
through the truncation error, which essentially scales as 𝑂(𝜆;-#)  if 𝑘  eigenfunctions are used. Thus, for any given 
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tolerance on the magnitude of these artifacts, the truncation parameter 𝑘 can always be chosen such that this tolerance is 
met. 
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